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INTRODUCTION 


This  memo  summarizes  the  results  obtained  in  an  analysis  of  the  dynamics  of  a 
rigid  missile  flying  with  fluid  sloshing  in  four  separete  tanks,  and  represents 
am  extension  of  the  work  described  in  Reference  3»  The  equations  of  motion  are 
presented  in  a  form  suitable  for  use  in  programming  an  analog  computer;  and  they 
are  solved  to  yield  the  airframe  transfer  function  for  use  in  stability  studies, 
etc. 

DISCUSSION 


Consider  the  missile  diagrammed  in  Figure  1  with  the  sloshing  propellants  repre¬ 
sented  by  the  mass-spring  analogy  discussed  in  reference  1.  The  forces  exerted 
on  the  airframe  are  due  to  aerodynamics,  gravity,  engine  thrust  and  reaction 
forces  of  each  of  the  first  mode  sloshing  masses.  To  define  the  dynamics  of 
the  airframe  in  the  pitch  (or  yaw)  plane,  fifteen  equations  are  written:  forces 
exerted  on  the  airframe  along  and  perpendicular  to  the  velocity  vector,  torques 
exerted  on  the  airframe  about  the  missile  (minus  sloshing  masses)  c.g.,  forces 
exerted  on  each  of  the  sloshing  masses  parallel  to  and  perpendicular  to  the 
missile  logitudinal  axis: 

mQ  V  *  T  Cos (8  +V)  -  niQg  Cos  ^  -  D  Cos  Op  +  L  sin  Op 


"  (F1N  +  F2N  +  F3N  +  F4n>  C0S  y  +  (Fx  +  F2  +  F3  +  Fk)  Sin  ^  (l) 


mQ  *  -T  sin  (8  +V7)  +  mQg  sin  Y  -  D  sin  dp  -  L  Cos  Op 

+  (F1N  +  FgN  +  F3N  +  F4n)  sin  Y  +  (F1  +  F2  +  F3  +  F^)  Cos  ^  (2) 
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I  5  -  T(  €  -  €  )  sin  6  -(  4  -  4  )  (L  Cos  a  +  D  sin  a) 

o  .13  6  P 

*  Ti«\ *  Ta\ *  r3»X3  *  ’**  \  *  Ti  (4e  -  V 

*r2«'-V*r3(t'-  <>>*’ k(*'-<k>  <3> 
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T1  ’  “l2  “1  \  <5) 

rm  -  "1  [«  c°»  »  -  («g  -  V  ®2  -  2  X1  •  -  \  -8'  *  \e  loj  («) 

where  1  *  1,  2,  3,  U 

end  a  ,  .  =*  V  2^  Cos  Y  +  V  Sin  Y 

eg  lat . 

a  ,  «-V  $  Sin  Y  +  V  Cos  Y 

eg  long. 

From  "these  equations  we  may  deduce  the  linearized  equations  of  motion  by  making 
the  usual  small  angle  trigonometric  approximations  and  by  dropping  non-linear 

terms . 
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i  -  1,  2,  3,  4 


where  we  define 


(i  +  D)(  4  -  4  )  °N  Aq 
u  Is _ ills — JsL  =  — 2 — -  ( f  .  4, ) 

r  Xo  Xo  g  V 

Equations  7  through  10  are  those  suitable  for  use  in  the  programming  of  an  analog 
computer . 

In  order  to  derive  the  engine  angle  to  body  angle  transfer  function  in  terms  of 
the  Laplace  transform,  the  following  procedure  is  used.  Peturbatlon  theory  is 
employed  to  write  the  peturbed  equations  of  motion  from  equations  7-10,  con¬ 
sidering  T,  D,  M,  g,  L,  V,  m  ,  4  ,  4  ,  mc  ,  |u  ,  IQ  as  constants  and  all  other 
quantities  as  variables,  a^is  thengsetcequal  to  zero  (no  wind)  and  one  deduces 
that  Y must  also  be  zero . 


©  =  -a 

Using  this  and  transforming  the  equations,  the  following  relations  are  arrived 
at: 

/„2  X  «/_x  X  .  ml\(s)  (t-D  ...  2  f  \ 
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(s2  +  o^2)  ^(s)  =  g  8(s)  +  ^(3)  +  nig^gCs)  +  m3^3(s)  +  m^^(s)j  |- 
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'  g  i 
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i  =  1,  2,  3,  *» 


Expansion  of  (12)  and  solution  of  these  along  with  Q.1)  by  determinants  results  in 
the  following  transfer  function 
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GLOSSARY  OF  SYMBOLS 
Aerodynamic  force  reference  area. 

Acceleration  of  center-of -gravity  of  airframe,  less  slci  hlng  masses,  witl. 
respect  to  earch  reference. 

Center-of-gravity  of  missile  airframe  less  sloshing  masi'es. 
Center-of-pressure  of  aerodynamic  forces  acting  on  miss  le. 

Rate  of  change  of  normal  force  coefficient  with  respect  to  angle  of  attack. 

Missile  profile  drag. 

Force  on  missile  wall  due  to  extension  or  contraction  of  spring.  * 

Normal  force  exerted  on  rail  by  sloshing  mass. 

Acceleration  due  to  gravity. 

Moment  of  inertia  of  missile  less  sloshing  masses  about  axis  perpendicular- 
to  center  line  and  passing  through  center-of-gravity. 

Spring  constant  (=— ). 

Uft  force,  component  of  total  aerodynamic  force  which  f,  3  perpendicular  to 
local  wind  velocity. 

Total  mass  of  missile  including  sloshing  masses, 
mass  of  missile  less  sloshing  masses. 

Sloshing  mass  number  1. 

Sloshing  mass  number  2. 

Sloshing  mass  number  3- 
Sloshing  mass  number  4. 

Itynamic  pressure  (=  §V^ ) . 
differential  operator  ^  . 

Thruat. 

Velocity  of  missile  with  respect  to  earth  reference. 

Velocity  of  wind  witl/  respect  to  earth. 

Velocity  of  missile  with  respect  to  wind. 

Missile  angle  of  attack. 

Angle  between  velocity  of  missile  with  respect  to  eaT’th  ;md  velocity  of 
missile  with  respect  to  wind. 

Missile  trajectory  angle  with  respect  to  vertical. 

Motor  deflection  Angle.  * 

Missile  attitude  single  with  respect  to  vertical. 

Sloshing  mass  displacement  with  respect  to' missile  centtrline.  | 

Station  number  measured  from  missile  nose. 

Angle  between  missile  centerline  and  velocity  of  missile'  with  respect  1J.0  ear 
Natural  frequency  of  mass-spring  combination  (~'Jk/m) . 
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